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suMMARY

A studyismadeoftheVonK&’n momentumtheoremwithrespectto
itsapplicationto turbulentboundarylayersina positivepressure
gradient.AlthoughtheVonK&n&n momentumtheoremforturbu+entboundary
layerscontainsmomentumtermsduetothefluctuatingmotionaswellas
momentumtermsduetothemeanmotion,thegeneralpracticehasbeento
neglectthemomentumtermsduetothefluctuatingmotion.Datawere
obtainedfromSchubauerandKlebanoff(NACATN 2133)andLudwiegand
Tillmann(NACATM 1285)withwhichboththetermsduetothemeanflow
andthetermsdueto thefluctuatingflowcouldbe evsluated.Theresults
indicatethatthestieamwisederivativeoftheturbulentlongitudinal
momentump= maybe largenearseparationandthereforeshouldbe
consideredwhentheVonK&&n momentumtheoremisusedforturbulent
boundarylayersnearseparation.

INTRODUCTION

BecausetheVonK&&n momentumtheorem(reference1) isa relation
betweenthechangesinboundsry-layermomentumandtheexternalstresses
ofpressuregradientandwallshesr,itappliesequallywellfor
turbulentboundarylayersasforlaminarboundarylayers.Forturbulent
boundarylayers,however,problemsariseintheinterpretationof
momenlxnnandintheapplicationofthetheoremtoexperimentaldata.

In a turbulentflow,thenetmotionisa combinationofmolecular
motion,turbulentmotion,andstreammotion.Reynolds(reference2)
showedthattheperiodsof oscillationassociatedwiththesethree
phasesofmotionaredistinguishablebymeansofappropriatetimeaverages.
In aerodynamics,theprimaryinterestinthemolecularmotionliesin
itsintegratedeffects,thatis,pressure,temperature,andviscosity.
Inthestudyofturbulentmotion,thefluidisgenerallyconsideredto
be a continuumandthenetvelocityata~ pointisassumedtobe resolved
intoa fluctuatingcomponentanda meancomponentwhichisindependent
oftime.

——...—— —— _ —
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Ifthevelocitiesappearedintheequationsof
firstpower,a long-theaverageofthefluctuating

NACATN 2571

motiononlyto the
componentwouldbe

zeroandtheequationswouldcontaintermsinvolvingonlythemean
velocities.Because,however,themomentuminvolvesthesq~es ofthe
velocities,manentumtermsinvolvingtimeaveragesofthesquaresand
productsoffluctuatingcomponentsmustbe consideredinasmuchasthey
arenotzero.TheexpressionfortheVonK&m6n momentumtheoremas
appliedto turbulentboundarylayersthereforecontainsmomentumterms
forthemeanflowandmomentumtermsinvolvingthefluctuatingcomponents.

Methods(references3 to5)forcalculatingthedevelopmentofa
turbulentboundarylayerhave,ingeneral,usedanempiricaleqyation
forwsllshearingstress,a knownpressuredistribution,anemPirical-
equationrelatingtheshapeof thevelocitydistributiontotheexternal
forces,andtheVonK&&n momentumtheoremto givethechangesin
boundsry-layermomentum.Theproblemisdeterminateifthechangesin
boundsry-layermomentumaxeassumedtobe ascribedtothemeanvelocity
alone. Calculationsmadewiththeseassumptionshavegivengoodresults
inmanyinstancesbutrecentlydiscrepancieshavebeennoted,especially
intheregionof separation.

DiscrepancieshavealsobeennotedwhentheVonK&& momentum
theoremwasusedto obtainwallshearingstress(references6 to9).
By assumingthatthechangesinboundary-layermomentumcouldbe
completelydescribedby themeanflow,measurement?weremadeofthe
meanvelocityandpressuregradient,andtheVonKsrm&nmomentumtheorem
wasusedasa balancetogivethewallshearingstress.Thismethod
gavevaluesofwallshearingstressthatincreasedina positivepressure
gradientwhichisin contradictiontothedataofreferences10to 12
whichindicatethatthewallshearingstressdecreasesina positive
pressuregradient.

TheneglectintheVonK&&momentum theorem,asitisusually
appliedto turbulentboundarylayers,ofthemomentumtermsinvolving
theaveragesofthefluctuatingvelocitiesisa possibleexplanation
oftheobserveddiscrepancies.Thispossibilityisexaminedinthe
presentpaper.WiththeuseoftheNavier-Stokesequationsas a starting
point,anintegralrelationthatincludestermsresultingfromthe
fluctuatingmotionaswellasthoseassociatedwiththemeanflowis
derivedfortheturbulentboundarylayer.Withtheuseofthisrelation
andtheexperimentaldatagivenbyDryden(reference10)andSchubauer
andKlebanoff(reference11),togetherwithmeasurementsofthewall
shearingstressmadeindependentlyby LudwiegandTillmann(reference12),
an attemptismadetoevaluatetherelativeorderofmagnitudeofthe
termsresultingfromthefluctuatingmotionas compsredwiththose
resultingfromthemeanmotion.

— .— —
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Aftertheanalysispresentedhereinhadbeencompleted,research
reportedbyWsllis(reference13)inAustraliawasmadeavailable.
Wallissurveyedtheequationsofener~ forturbulentboundarylayers
andsuggestedthatllwheretheturbulentboundsrylayerflowisbeing
rapidlyacceleratedordecelerated,thevonKsrmanmomentumequationwill
be inaccurateas itdoesnottakeaccountof theinternalprocessby
whichtheenergyofmeanmotionisalteredindependentlyofan external
forcesuchas skinfriction.”ReferenceismadebyWallistoa private
communicationfromB.G.Newmaninwhichtheproblemisapproachedfrom
momentumratherthanener~ considerations.Newmansuggeststhatthe
ReynoldsnormalstressesmodifytheVonK&&n momentumtheoremnear
separation.Apparently,datawerenotavailablewithwhicha suitable
checkofthehypothesiscouldbe made.

An analysissimilartothatpresentedhereinbutmucblessdetailed
is includedina recentpaperby RubertandPersh(reference14).

SYMBOLS

H

P

t

u

u

v

x

IJ

v

boundsry-layer-velocity-profileshapeparameter(&/e)

absolutestaticpressureat anypoint

time

streamwisevelocityata pointinboundarylayer

stresmwisevelocityatouterlimitofboundsrylayer

normslvelocityata pointinboundarylsyer

stresmwisecoordinate

normalcoordinate

boundsry-lsyerthickness

displacementthickness

momentumthickness

coefficientofviscosiw

coefficientofkinematicviscosim(P/p)

——. .— —.—. —— —— —-—
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P fluiddensity

T viscousshearingstiess

Subscripts:

m referencecondition

o wallboundary

8 outerlimitofboundarylayer

Primesdenotefluctuatingquantitiesandbarsdenotetimeaverages.

ANALYSIS

TheNavier-Stokesequationsfora two-dimensionalflowinwhich
theviscosityanddensityareassumedconstantandthebodyforcesare
negligibleare

Theassociatedequationof continuityis

(1)

(2)
.

(3)

By resolvingtheinstantaneousvaluesintomeanandfluctuatingcomponents,
by consideringthemeanflowsteadyandtakinga long-timemerageof
thefluctuatingcomponents,by consideringthePrandtlboundary-layer
assumptionsvslidforthemean~ow up to separation,andby usingthe
continuityequation,equations(1)and(2)maybewrittenas

(4)

—.
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ax+
Intheimmediateneighborhoodof
layerassumptionsmaybe opento

&~ l?F—= ..—
&

(5)
~h

separation,thevalidityoftheboundsry-
question.Theetientoftheerror

introducedbymakingtheboundary-lsyerassumptionsundersuchcircum-
stancesis,however,notknown.Inanycase,by retainingtheterms
dueto turbulence,itisnotimpliedthatthesetermsarenecessarily
largerthanthosethathavebeenneglectedbutthatthemagnitudeof
theeffectofthetermsduetoturbulenceistobe investigated.By
combiningequations(4)and(5)andby integratingthroughtheboundary
layer,thefollowingequationofmomentumisobtained(seeappendix):

To
r~-( H+2); :=->o ~dy+

~-

8 r8*
w (6)

go&2

TheVonK&m& momentumtheoremforlaminarboundarylay-s is

Theusualpracticehasbeento considerthisequationequallyvalidfor
turbulentflow.

WhethertheVonK&m& momentumtheoremcanbe usedforturbulent
boundarylayersby consideringonlythemomentumsofthemeanflowcan

I be ascertainedby experimentalevaluationofthemomentumtermsonthe
\

rightsideofe&ation1

I

~ON OF

(6).

DATAANDEVALUATIONOFTHEMOMENTUMTERMS

~ DataarepresentedfromwhichthetermsintheVonK&n momentum
I theoremcanbe evaluatedandtheorderofmagnitudeoftpetermsdueto

.,

//

——. .—. — ——. . ---
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turbulencecanbe comparedwiththemagnitudeofthetermsduetothe
mean

data

flow. .

Mean-FlowData

I&esentationofdataanddiscussionofaccuracy.-Themean-flow
ofSchubauerandKlebanoff(reference11)havebeenplottedas

(U/~)2, G, and H asfunctionf3of x infigures1,2, and3,
respectively.Theoriginalvelocitydatawerestudiedin somedetail,
andthescatterofdataisbelievedtobe a goodindicationofthe
randomerrorsinthemeasurementsandintheintegrationprocedure.

A systematicerroroccursintheboundary-layerdatabecause,ina
turbulentairstream,pitot-tubemeasurementsgivevaluesofvelocf@
whichareinexcessofthemeanlocalvelocity.Thiserrorhasbeen
discussedby Goldsteininreference15andis showntobe

Thevelocitydata
correctedforthe
thiscomputation.
is illustratedin

givenby SchubauerandKlebanoffhavenotbeen
turbulencebutsufficientdataarepresentedtopermit
Themagnitudeofthiscorrectiontothevelocity
figure4 fora pointjustbeforeseparation

(X= 25.4ft). Thedifferencebetweenthecurvesis somewhatgreater
thandifferencesthatmightbe indicatedby randomerrorsalone.

Thevelocityprofileshavebeencorrectedandintegratedandthe
correctedvaluesof 0 me plottedinfigure2. At smallvaluesof x,
thatis,lessthan21.5feet,thecorrectiontothevelocityprofile
wasnegligible.Becausethecorrectionresultedina decreaseof
velocity,thedisplacementthiclmesswasincreasedandthevaluesof
correctedH wereconsiderablyhigher.Thecorrectedvaluesof H
areplottedinfigure3 andrefairedwitha dashedline.Thecorrected
valuesoftheseparametershavebeenusedinthesubsequentcomputations.

ComparisonofwalJ_shearingstressas obtainedby differentmethods.-
Thevaluesofwallshearingstressestimatedby SchubauerandKlebanoff
arecomparedinfigure5 withthevaluesofwallshearingstressobtained
by useoftheformulasofSquireandYoung(reference16),Falkner
(reference17),andLudwiegandTill.man(reference12). Theflat-plate
(zeropressuregradient)formulaofSquireandYounghasbeenused
extensivelyintheUnitedStatesin conjunctionwiththemethodof
VonDoenhoffandTetervin(reference4)andtheflat-plateformulaof
FalknerhasbeenusedinEnglandin conjunctionwiththemethodof
Garner(reference5). TheformulaofLudwiegandTillmanwastheresult

0

1)
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of someexperimentsmadeto determinewallshearingstressina pressure
gradientwiththeaidof a calibratedheat-transferinstrument.

Althoughtheestimatedvaluesofwallshesringstressgivenby
SchubauerandKlebanoffbecamezeroat separation,atlowervaluesof x
thesevaluesofwallshearingstressareconsiderablyhigherthanthose
givenby theflat-plateformulas.A positivepressuregradienttends
to decreasethevelocityintheboundarylayerandhenceto decrease
thenormalgradientofveloci~atthewall.Becausetheflowinthe
immediateneighborhoodofthewallislaminsr,thedecreaseinnormal
velocitygradientatthewallis directlyPropmtionaltothedecrease
inwallshearingstress.Forallvaluesof x largerthan17.5,the
pressuregradientispositive;sothewallshearingstresswouldbe
expectedtobe lessthanthatobtainedby flat-plateformulas.Schubauer
andKlebanoff(reference11)estimatedthesevaluesofwallshearing
stressby fairingthe PUIV1 datatotheregionofthewallandthen
extrapolatingthewallshearingstressby continuingthefairingtothe
wallwitha slopeequalto thepressuregradient.Althoughthetrendof
thedataobtainedby thismethodiscorrect,inaccuraciesintheextra-
polationresultedinabsolutevaluesthatarea~arentlytoolarge.

Thedistributionofwallshearingstressobtainedby usingthe
formulaofLudwiegandTillmannappearstobe themostreasonablefrom
considerationoftheexperimentalmethodusedandfromcomparisonswith
well-establishedresultsforthezero-pressure-gradientcase.Inspection
of theLudwiegandTilJmannformula

To 0.123 1—=
Fi loo”6%/”*68

(whereI@ istheReynoldsnumberbasedon (3)revealsthat H must
be infiniteforthewallshearingstressto disappearandan infiniteH
is,of course,physicallyunreasonable.At separation,however,the
indicatedvalueofwallshesringstressis smallenoughtobe considered
negligible.

Substitutionofmean-flowdataintheVonK&ms$ momentumtheorem.-

Valuesof -iM/dxand(H+2) $% wereobtainedby useof figures1,

2, and3 andareplottedasa functionof x in figure6. Thewall

/shesringstressTo6U2 computedfrom‘theformulaofLudwiegandTiIlmann
isalsoplottedinfigure6. If intheapplicationoftheVonK&&n
momentumtheoremtoturbulentboundarylayersonlymean-flowquantities
needbe considered,thesumofthetermswouldbe zero.Thesumofthe
mean-flowtermsisplottedasa functionof x in figure7,whereit

——.— —.—. —— —. —— - — .__._—_. .-.—
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is shownthatfora lsrgerangeof x considerationofmean-flow
quantitiesalonegivesgoodresults;nearseparation,however,the

25’71

sum
&s a largevalue;Goodresultssreobtainedup to a valueof H of
approximately1.5.

Becausechangesin.thefairingof e willalterthevalueof ~,de

itisofinteresttoknowhowmuchdifferentthevaluesof e would

havetobe tomakethesumofthemean-flcrwtermszero.The ~ required

tomakethesumofthemean-flowtermszerowasintegratedwithrespect
to x from17.5feetto 25.4feetandtheresultsareplottedasa
dashedlinein figure2. Thedifferencesbetweentheexperimentalcurve
andtherequiredcurvecouldnotbe attributedtodifferencesinfairing.

Fluctuating-FlowData

d==Presentationofdata.-Valuesof — reportedby Schubauerand
%

Klebanoffhavebeenplottedas a functionof x and y infigure8.
Thedatawereplotted“threedimensionally”to facilitatefairing.
Successiveplanesof x = Constantwereindicatedalonga 45°axisat
distancesequsltoparticularvaluesof x. By thismethodofplotting,
curvesof y = Constantcanbeusedto checkthefairingandto aid
thevisualizationofthesurface.Thismethodofplottingandfairing
canbe usedbecausethefunctionindicatedby thefluctuating-flowdata
isregulsrup to separation. ~

Evaluationofthemomentumtermsdueto turbulence.-Thefaired
dataoffigure8 andfigure1 wereusedto obtainthevaluesnecessary
to evaluatetheterm

whichisplottedasa functionof x infigure7. Themagnitudeof
thistermisaffectedonlymoderatelybythefairingofthedata. The
valueofthisfunctionis smallatlowervaluesof x andbecomeslarge
onlyintheregionof separation.A comparisonofthevalueofthis
functionwiththesumof

indicatesthat,atleast

withthemean-flowterms
balanceintheturbulent

themean-flowterms.obtainedtiaomfigure6

qualitatively,theterm ~
J

~dy, togetheru20ax
maybe sufficientto describethemomentum
boundarylayerup to separation.A moreprecise
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discussionoftheimportanceandabsolutemagnitudeofthistermcanbe
givenonlyaftermoredatasremadeavailable.

Inorderto evaluatetheterm

thedataofSchubauerandKlebanoffwereinvestigated.Themagnitudeof
thistermisaffectedby thedifferentiationandintegrationprocesses
andforthatreasonis influencedby smallchangesinfairing.A calcu-
lationwasmadeinwbichtheintegrand
calculationindicatedthat the term

5

1 f<
a X77

o 0 ax ax

wasbelievedtobe large.The

wasa smallfractionoftheterm

5
1 J’auh.d—w~oax

butthe

In#

resultsweretooinaccuratetowarrantpresentation.

evaluatingtheterm

thedataweresufficienttogivea magnitudeto aiiii— butwereax
insufficienttopermitcalculationof

b2u,vl
Because,however,the-&Z--”

factor5 ap~arsinthenumerator,itisbelievedthatthemagnitude
ofthetermis small.

.—— —— . —.—
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Experimentaldata
longitudinalmomentum

CONCLUDINGREMARKS

showthatthestreamwisederivativeoftheturbulent ‘
pu’u’maybe of suffic~entmagnitudetorequire

itsinclusionintheapplicationoftheVonK&m6n momentumtheoremto
turbulentboundarylayersnearseparation.Thedatashowthatforthe
particularcaseconsideredtheVonK&m&n momentumtheoremwithordy
mean-flowtermsgavesatisfactoryresultsup to a valueoftheboundary-
layer-velocity-profileshapepsrameterH ofapproximately1.5.A
quantitativediscussionoftheimportanceofthefluctuatingcomponents
canbe madeonlywhenmoredatabecomeavailable.

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

LangleyField,Vs.,August29,1951
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APPENDIX

DERIVATIONOFTHEVONK&M& MOMENTUMTHEOREM

FORTURBULENTBOUNDARYLAYERS

ThesimplifiedNavier-Stokesequations,asgivenpreviouslyby
equations(k)and(5),are

aim +~~ l=—= -.—
ax h Db

Fromthelastofthesetwoequations

becauseforsimplicity~ is
andat y = O. Also

.,.

assumedtoapproachzeroat y = b

Then

and

‘3

u

———. —..——. ..-
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BY substitutingeqyation(Al)intothefirstofthesimplified
Navier-Stokesequations,thefollowingequationcanbe writtenfora
turbulentboundarylayerina

[ti:=:)+~y

flow:

ay+

(A2)

In ordertodescribetheactionoftheturbulentboundarylayeras a ~
whole,equation(.2)isintegratedwithrespectto y throughthe
boundarylayer:

Now
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andfromcontinuity

JY ~~
T=- —W

o ax

If thesequantitiesaresubstitutedinequation(A3),thefollowing
relationisobtained:

(A4)

,
,

where

Integrationby pats gives

. .._——. c. ———. —————— —--—-
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Substituteequation(A5)inequation(A4)anddivideby U2;then

la
f

-2 laudy ———
r

1 ab Ila—— ——= ———adY+2ax
r

U%y -
U2 aX () Uaxo 2u2aX ()

1
ff (a auv + ~~—— )—dYwZOoaxaxb

By addingandsubtracting

.

(A6)

thefollowingequationcanbe obtained

Letthemomentumloss M ofthestreambe definedby

where 13 isthemomentumthickness,then



NACATN 2571 15

or

Now

(A8)

where 8*,thedisplacement

w=

thickness,isdefinedby

By usingequation(A8),equation(A7)maybewrittenfinallyas

Thiseuuationisthemomentumtheoremforwhere H isdefinedas w/e.
turbulentboundarylayersandisgiven-asequation(6)inthebodyof
thepaper.

,,

,.

-.. — —— — —.——— - -—--- .—. .—-—
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